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ABSTRACT: Our aim of this paper isto obtain a fixed point theorem involving weakly compatible mapsin
the setting of metric space satisfying a rational contractive condition. Our result complement, extend and
unify several well known comparableresults.
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I.INTRODUCTION

The study of fixed point theorems and common fixed point theorems satisfying contractive type conditions has
been a very active field of research activity during the last decades. In 1922, the polish mathematician Banach [1]
proved a theorem which ensures under approximation conditions the existence and uniqueness of the fixed point.
His result is called Banach fixed point theorem or the Banach contraction principle. This theorem provides a
technique for solving the various type of applied problems in mathematical sciences and engineering. Banach
published first contractive definition for the fixed point theorem by using the concept of Lipschitz mapping which
is known as Banach’s contraction Principle [1]. Final conclusion of this result is that T has a unique fixed point,
which can be reached from any starting valuex, X . whichis stated as:

If T isamapping of a complete metric space (X, d) into itself satisfying:

d(Tx, Ty) = ad(xy) ...(D

For al x,y Xand for somea suchthat 0 < a < 1 then it gives a unique fixed point. It should be noted that the
result given by Banach is provided fixed point if T is continuous mapping. This result was generalized in different
ways by many researchers. In 1968 one of most popular result was given by Kannan [16]. In this paper he gaves a
new idea for the contractive type mapping which is very useful in the study of fixed point theory aso he omit the
assumption for the continuity of T. His states as follows:

There existsanumber k where 0 < o < % such that for eachx,y X

d(Tx, Ty) = ald(x, Tx) + d(y, Ty)] ...(2)

In 1972 a new geometrically concept which is different from Banach [1] and Kannan [16] for contraction type
mapping was introduced by Chatterjee [3] which gives a new direction to the study of the fixed point theory.
Chatarjee[3] givesfollowing contraction principle:

There exists anumber a where 0 < a < 1 suchthat for eachx,y X

d(Tx, Ty) < a[d(x, Ty) + d(y, TX)] (3
In 1978, Fisher B. [9] generalized the result of Kannan by choosing a which as follows:
d(Tx, Ty) < o [d(x, Ty) + d(Tx, y)] ..(4)

Fordl x, y Xand 0O < a < %thenThasuniquefixedpointin X.

On things is common in al above generalizations that is all researchers introduced in similar expression. Beside
thisin 1977 Jaggi [12] introduced the rational expression first timewhichis asfollows:

d(TxTy) = a 220D 4 py(xy) )

Alxy)
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Foralx,y X, x#y 0< a+ B=<1 thenT hasuniquefixed pointin X.
One thing should be noted that in the above result by Jaggi [12] is thisresult is not valid for x = y. Further in
1980 Jaggi and Das [13] obtained fixed point theorem with the mapping satisfying:

d(x,Tx)d(y.Ty)
d(Tx, Ty) < «a &)t 65 + Bd(xy) ...(6)

Foralx,y X, x #y, 0< a +B <1 thenT has unique fixed point in X. Above thisresultsisalso valid for
X =Y.

A number of these results dealt with fixed points for more than one map. In some cases commutatively between
the maps was required in order to obtain a common fixed point. First of al Jungck [14] introdicued the notion of
commutative mapping which is also known as commuting mapping and fixed common fixed point result for two
different self mappings. Sessa [19] coined the term weakly commuting. Jungck [14] generalized the notion of
weak commutativity by introducing the concept of compatible maps and then weakly compatible maps. There are
examples that show that each of these generalizations of commutativity is a proper extension of the previous
definition. Also, during thistime a number of researchers established fixed point theorems for pair of maps.

Our aim of this paper is to obtain a fixed point theorem involving weakly compatible maps in the setting of metric
space satisfying a rational contractive condition. Our result complement, extend and unify several well known
comparable results.

First we recall some known definitions and results which are helpful for proving our results.

Definition 1.1.1. Let Sand T are self maps of ametric space X. If w = Sx = Tx for somex X, thenxiscalled a
coincidence point of Sand T, and w is called a paint of coincidence of Sand T.

Definition 1.1.2. Let S and T are self maps of a metric space X, then S and T are said to be weakly compatible if
lim,_,, d(STx,, TSx,) =0
Whenever {x,} is sequence in X such that
lim,_, ., Sx, = lim,_, , TX, =X
forsomex X
Definition 1.1.3. Let Sand T are self maps of a metric space X, then Sand T are said to be weakly compatible if
they commute at their coincidence points; i.e. if Tx = Sx for somex  Xthen TSx = STx.

II. COMMON FIXED POINT THEOREMSFOR SELF MAPPINGSIN METRIC SPACES

We prove a common fixed point result for four self mappings satisfying symmetric rational expression. Our aim
of this section isto generalized and extended previous many known results.

Theorem 2.1.1. Let A,B,S, T be continuous self mappings defined on the complete metric space X into itself
satisfies the following conditions:

2110) A()  TO), B  S(X)
2.1.1(ii) if one of A(X), B(X),S, (X), T(X) is complete subspace of X.
2.1.1(iii) The par {A,S} and {B,T} are weakly compatible.
[[dEAx.Sx)) +(d(By.Ty)) +{d(r‘\x.Ty}}]
1+l(d(Ax‘Sx)) (d(By.Ty)) (d(Ax,Ty)}J
[(_dmx.Ty)] +(d(By,Sx)) +(d(B_\,‘.Ty)]]

1+[(d(AxTy))  (d(Bysx)(d(By.Ty)|

2.11(Gv) d(Ax,By) = a

+n min[d(Ax, Sx)d(By, Ty), d(Ax, Ty)d(By, Sx)]

Foradlx, y X,(x #y)andfornonnegativea,B, [0,1),niaany finite real suchthat0 < 20+ 3 < 1.
Then A, B, S, T have unigue common fixed point in X.

Proof. For any arbitrary x, in X we define the sequence {x,} and {y,} inX such that
AXzn = TXzpse1 = Yon aNd BXpnig = SXansz = Yansa (211a)
forall n=0,1,2, .....

Ontaking Y, # Yan+1
d®(¥an,¥2ne1) = d*(AXzp, BXong1)
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From 2.1.1(iv) we have
|(aCAxznSx2m) + (@Bxons1Txzns1) +(d(AXon Tzns )|
1+[(d(szn-5X2n}') (d(Bxzns+1.Txan+1))(d(AXzn Txzn 1)) ]
+B [(d(Axpn, Tx2n41))+ +(d(Bx2n+1,5%2n) )+d(BXan 41, TX2n+1)]
1+(d(Ax%2n, Txzn+1)) (d(Bxant1,5%2n))d(Bxzn 1, Txzn41)
d(AXZn: Sxon)d(BXan 1, TXan41) ]
, d(AXan, TX2n41)d(BXan41) 5X2p,)

[[d()’znr}'m—l):‘ + (d(yz2n+1.¥zn)) +(d(}’2nr)’2n))]

1"“('3‘ zn¥zn-1)) (dGznt+1yen)) (dlyznyz n))l

d(AXzp, BXzns1)

+nmin

d(Yzn Yons1) =<0

N l(d(}'zn-hn)] + (dlyzn+1yzn-0))+ +(d(Y2n+1-Y2n))]

1+[(d(3’2 n¥zn))  (dyant+1yz2n-1))(dGan+1¥2n-1)) (d(yz n+'l-,‘-"2n))]

d(Yzn Yan-1)dV2n41, Y2n)
d(Y2n, Y2n)dY2n+1s Yon-1)
A —a—=2B)d(yzn,¥2n+1) < (@ +PB) d(yzn Y2n-1)

+1 min

(a+p)
d(2n Y2ne1) = m d(Yzn Y2n-1)
Let us denote Gf) g
(1—a—-2p)
since 0 < 2a+ 3B < 1 which gives
0< P _—s< 1 andthat
(1—a—-2p)

o d(Yzn,V2ne1) =$d2n Yan-1)

Similarly we can show that

. _d(yZD'YE.n-lj = SZ d(y2n—-21 YZn—l)
Processing the same way we can write,

_ d(yan Y2n-1) =< s"d(yo,y1)
for any integer m we have

d(yzn, Yonim) = d¥zn Yans1) + d(¥ans1, Yans2) +
w e o+ A(Yonem-1) Yan+m)

d(yzn Yonim) = s™d(yey1) + s™d(ye.y1) +
== s e v )
d(Yon Yonem) = s"[1+s+sZ+ +s™].d(yo, y1)
ks“
d(Yzn Yzonem) =< = d(yo,y1)

asn - o gives that
d(Yzn Y2nem) = O

Thus {y,,} is a Cauchy sequence in X. Since T(X) is complete subspace of X then the subsequence y,, =
TXzn41 is Cauchy sequence in T(X) which converges to the some point say uin X. Letv T~ !u thenTv = u.
Since {y,,} is convergesto u and hence {y,,,1} aso convergesto same point u.

weset X = xz,and y =v in 2.1.1(iv)

[[d(szn,Sxm)] +(d(Bv,TV)) +(d(Ax2n,Tu))l
l+[(d(Ax2n.Sx2n}) (A(Bv,Tv)) [d(Axm,Tv))]
B (d(Ax2,TV))+d(BV,SXzn) +d(Bxan11,TV)
1+(d(Ax2n,Tv) )d(Bv,Sx2n)d(Bxzp41,TV)
d(Ax,p, SX5,)d(Bv, Tv)
,d(Ax,,, TV)d(BVY, SX,,,)

d(Ax;,, Bv) =< a

+1 min

asn - o d(uBv) <= (a +2B) d(u,Bv)
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which contradiction Impliesthat Bv = u alsoB(X) S(X) so Bv = u implies that u = S(X).
Let w S71(X) thenw=u setting x=w and y = X,,4; in 2.1.1(iv) we get

(dCAw,SwW))+d(Bxan4+1,TXzn41)+d(AW, Txan+1)

1+(d(Aw,Sw))d(Bxop 41, TXzn+1)d (AW, Txan11)
B d(AW,Tx2041)+d(BXon41,5W)+d(Bxani1, Txz2n41)
1+d(Aw,Tx2n+1)d(BXan41,5W)Id(BX2n41.TX2n+1)

d(Aw, SW)d(Bxzn41, TXzn41) ]
, (AW, TXz41)d(BXzp41, SW)

d(Aw,Bx,n41) < @

+ 1 min

asn - o
d(Aw,u) <= (a +28)d(Aw,u)

Which contradiction impliesthat, Aw = u this means Aw = Sw = Bv= Tv = u.

sinceBv = Tv = u so by weak compatibility of (B, T) it follows that, BTv = TBv and sowe get
Bu = BTv = TBv = Tu.

Since Aw = Sw = u so by weak compatibility of (A,S) it followsthat SAw = ASw and So we get
Au = ASw = SAw = Su.

Thus from 2.1.1(iv) we have

d(Aw,Sw)+d(Bu,Tu)+(d(Aw,Tu))

1+d (Aw,Sw)d(Bu, Tu)(d(Aw,Tu))
" B d(Aw,Tu)+d(Bu,Sw)+d(Bu,Tu)
1+d(Aw, Tu)d(Bu,Sw)d(Bu,Tu)
+1n min

d(Aw, Sw)d(Bu, Tu)
,d(Aw, Tu)d(Bu, Sw)
d(u,Bu) = (o + 2B)d(u,Bu)
whichis contradiction implies that Bu = u.
Similarly we can show Au = ubyusing 2.1.1(iv). Therefore
u= Au = Bu= Su= Tu
Hencethepoint u iscommonfixed point of A, B, S, T.
If we assume that S(X) is complete then the argument analogue to the previous completeness argument proves the
theorem. If A(X) iscompletethen u  A(X) T(X). similarly if B(X) iscompletethen u B(X) S(X). This
complete prove of the theorem.
Uniqueness. Let usassumethat z isanother fixed point of A, B, S, T in X different fromu. i.e. u # zthen
d(u,z) = d(Au,Bz)

d(Aw, Bu) <a

from 2.1.1(iv) we get
[[d(Au.Su)) +(d(BzT2) +(d(r‘\u.Tz_’l)J

d(Ax,Bz) < «
1+l(d(Au.5u)) (d(BzTz)) (d[Au.Tz)”

Bl(d(Au,Tz)) + (d(Bz,5u)) +(d(Bz..Tz))l

1+|5I(d(Au.Tz)) (d(Bz.Su))(d(Bz.Tz})l

+n min[d(Au, Su)d(Bz, Tz), d(Au, Tz)d(Bz, Su)j
d(u,z) = (a+ 2B)d(u,z)
which isacontradiction of the hypothesis.
Hence u is unique common fixed point of A, B, S, T in X.
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